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Abstract 

In two companion papers it was shown how to separate out from a 
scattering function in quantum electrodynamics a distinguished part that 
meets the correspondence-principle and pole-factorization requirements. 
The integrals that define the terms of the remainder are here shown to 
have singularities on the pertinent Landau singularity surface that are 
weaker than those of the distinguished part. These remainder terms there- 
fore vanish, relative to the distinguished term, in the appropriate macro- 
scopic limits. This shows, in each order of the perturbative expansion, 
that quantum electrodynamics does indeed satisfy the pole-factorization 
and correspondence-principle requirements in the case treated here. It 
also demonstrates the efficacy of the computational techniques developed 
here to calculate the consequences of the principles of quantum electro- 
dynamics in the macroscopic and mesoscopic regimes. 
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1. Introduction 

In papers I 1 and II 2 we examined the functions F(g) associated with the in- 
finite set of graphs {g} obtained by dressing a simple triangle graph G with soft 
photons in all possible ways. A distinguished set of contribution to these func- 
tions F(g) was singled out and called "dominant" because these contributions 
were expected to dominate the macroscopic behaviour of the scattering func- 
tions. Each of these distinguished parts was shown to be well defined, and to 
have a singularity of the form log <p on the (Landau-Nakanishi) triangle-diagram 
singularity surface ip = 0. This form log ip agrees with the form of the singularity 
of the original Feynman function F(G) on p = 0, and it produces the same kind 
of large-distance fall-off. Moreover, these dominant contributions yield (exactly 
once) every term in the perturbative expansion of the triangle-diagram version 
of the pole-factorization property 

DiscFVo = F[F^. 

The left-hand side of this equation represents value at ip = of the discontinuity 
across the surface cp = of the function F' that is obtained by omitting the con- 
tributions from the "classical" photons. These latter contributions are supplied 
by the unitary operator U (L) — after the transformation to coordinate space. 
Consequently, the discontinuity formula given above entails that the contribu- 
tions from these "dominant" terms give just the classical-type large-distance 
behaviour demanded by the correspondence principle: the rate of fall-off at 
large distances is exactly what follows from the classical concept of three stable 
charged particles, each moving from one scattering region to another, and the 
electromagnetic field generated by U(L) is exactly the quantum analog of the 
classical electromagnetic field generated by the motions of these three charged 
particles. In the present article we shall show that, in each order of the per- 
turbation expansion, the terms of the remainder give no contributions to the 
discontinuity defined above. Consequently, these "non-dominant" terms give no 
contribution to the leading term in the the asymptotic large-distance behaviour, 
and hence the correspondence-principle requirement is satisfied. 

In section 2 we examine the simplest example, namely the triangle graph 
G dressed with one internal soft photon. The remainder part is separated into 
a sum of terms. For some terms the weakening of the singularity on the surface 



1 



(f = is associated with the topological complexity of the graph that represents 
this term, namely its non-separability: cutting the graph at the three * lines as- 
sociated with the three Feynman-denominator poles does not separate the graph 
into three disjoint parts. This means that the integration over the momenta of 
the internal photons tends to shift the position of the singularity, and hence 
weaken it. For the remaining terms the weakening of the singularity on ip = is 
due to the replacement of one or more of the three pole singularities (p 2 s — m 2 ) -1 
of the integrand by a pair of logarithmic singularities: this replacement of the 
pole singularities in the integrand by logarithmic singularities likewise leads to 
a weakening of the singularity of the integral on ip — 0. 

Our problems here are first to show that these reductions in the degree of 
the singularity on ip = 0, which emerge easily within our formalism in this simple 
one-photon example, hold for every g obtained by dressing the triangle graph 
G with soft photons, and second to show that the weakening of the singularity 
is, in every case, a weakening by at least one full power of ip, up to a prescribed 
finite number of powers of log ip that increases linearly with the number of 
photons, and hence with powers of the coupling constant. This strong result 
means that the validity of the correspondence-principle in the large-scale limit, 
which is established here at each order of the perturbative expansion, cannot 
be upset by an accumulation of powers of (log<^) n that leads to a singularity of 
the form <p~^, where (3 is of the order of the fine-structure constant (~ 1/137). 
Accumulations of this kind occur often in field theories. The appearance of the 
fine-structure constant in the exponent arises from the fact that usually, just as 
in our case, the number of powers of log p> is linearly tied to the number of powers 
of the fine-structure constant. We have not studied, in our case, the numerical 
factors that multiply the terms of the remainder, except to show that they are 
all finite. Hence we can make here no claim pertaining to meaningfulness of the 
infinite sum in our case: we plan to examine this question later. 

To establish our general conclusions we need two auxiliarly results. The 
first is a geometric property concerning the structure of the Landau-Nakanishi 
surface. It is proved in section 3. The second pertains to several singular 
integrals. The needed computation is performed in section 4. The required 
properties of the various intergrals are then proved in sections 5, 6, and 7. 
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2. Examination of non-dominant singularities for the one-photon case. 

Let us consider the contributions associated with the graph g shown in 
Figure [I]. 

In references 1 and 2 we showed how to separate the contribution repre- 
sented by the graph of Fig. 1 into a meromorphic part consisting of a sum 
of the four terms represented by the the four * graphs of Figure |2| , plus a 
"non-meromorphic" part. 

The term associated with the graph a of Figure 2 is separable, and is classified as 
dominant. The associated function F a is given by (4.1) and (4.3) of Ref. 1, and 
has a logarithmic singularity along the Landau surface ip = 0. We also claimed 
there that the other three terms in the meromorphic part are are infrared finite, 
and have weaker singularities along the Landau surface (p — 0. In the following 
subsection we verify this claim for the case of the function Fb associated with 
graph (b) of Fig. 2. The other two cases, c and d, can be treated similarly. 
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Figure 1: A graph g representing a soft-photon correction to a hard-photon 
triangle-diagram process G. The letters Q near the ends of the wiggly line that 
represents the soft photon indicate that this particle is coupled to the charged 
particle through the "quantum" part of the full quantum-electrodynamical cou- 
pling. 
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Figure 2: Four * graphs representing the four terms in the meromorphic part 
of the function represented by the graph in fig. 1. These four terms arise from 
a decomposition of the meromorphic parts associated with each of the three 
sides of the triangle into poles times residues. The * lines represent Feynman- 
denominator poles. The other charged-particle lines represent residue factors. 
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2.i. The contribution from a one-photon nonseparable meromorphic 
part. 

The function F b was given in (4.4) of Ref. 1: 

d 4 p f* , r d A Q i5(Q 2 + Q 2 -l) 
' 2rdr ' 



J (2vr) 4 Jo J (2tt) 4 W + iO 
Tr j i^ + m) v j(2p ili + 2rn il )n 2 (2 Pl n + 2rfi 2 )- 1 - ^ 



p2 _ m 2 y 2p 1 Vt + ril 2 

x {A + r 91 + m) y 
(pi + rQ) 2 — m 2 



x 



( 2p^n 2 (2p 2 n) - 7m ft \ (jfe + m) T/ ) 

It was shown in Ref. 2 that we can distort the f2-contour so that ImQ 2 > at 
Q 2 = 0, and ImpjQ > (j = 1,2) at pjQ = 0. Then, except for three pole- 
factors p 2 — m 2 , (pi + rf2) 2 — m 2 and p\ — m 2 , each denominator of the integrand 
of F b is different from zero. 

The r-integration f$ rdr/[(pi + rQ) 2 — m 2 ] can be explicitly performed, and 
when piQ, ^ its dominant singularity along p\ = m 2 is 

(pi — m 2 ) log(p 2 — m 2 ) 

Combining this singularity, instead of the ordinary pole l/(p\ — m 2 ), with the 
other two poles, i.e., l/(p 2 — m 2 ) and 1/Qo 2 — m 2 ), we perform the p-integration 
and find a singularity A(q, Q){p(q) 2 log </?((?), with A being analytic. Performing 
the ^-integration along the compact distorted contour, the dominant singularity 
of F b is (f 2 log (p. 

Essentially the same argument covers the case where one of the two mero- 
morphic parts is due to a C-coupling. Then the factor rdr becomes simply dr, 
and the singularity becomes (p\og<p. 
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2.ii. The contribution from a pair of non-meromorphic parts arising 
from one photon. 

The contribution of / in (4.6) in Ref. 1 to the amplitude is 

d 4 Vt fSdr f 4 1 (gi + p 3 + rfi) 2 - m 2 + iO 



F [ f id 4 1 

J\n\=i Q 2 + iO Jo r J ^ 3 p% — m 2 + i0 °^ 



|n|=i fi 2 + iO Jo r J p 2 — m 2 + «0 (qi + p 3 ) 2 — m 2 + iO 

xlog — , - — — — , (2.11.1) 

(P3 - 93) - m + «0 

with the Pi defined as in Fig. 1 of ref.2. Here the f2-contour is deformed so that 
ImVl 2 > and ImpjVL > (j=l,2). Performing the ^-integration we find 

r d 4 Q f 5 dr f ^ / 
J\n\=i il 2 + iO Jo r 

- G{ qi + rQ, q 3 ) - G( qi , q 3 + rQ) + G(q u q 2 )). (2.U.2) 

where 

G(qi, q 2 ) = <p(qi, q.2) 2 log(</?(?i, q 2 ) + iO). 

Since 

(d/dr)(p(q 1 + rfi, g 3 + rQ) = (dtp/dqi + d^/dq 3 ) ■ Q 

= («lPl + «2P2) • ^ = -«3Ps • ^ 7^ 

holds by the Landau equation, we can find non- vanishing functions a(qi, q 3 , r, fl) 
and b(qi,q 3 ) for which 

(p{qi +rtt,q 3 + rtt) = a{q u q 3 ,r, Q)(r - b(q 1 ,q 3 )ip(q 1 + rQ,q 3 )) 

holds (Cf.§ 3 below). Similar decompositions hold also for ip(qi + rfl,q 2 ) and 
( p{QiiQ2 + rQ). Hence application of the results in § 4 below to Jq — [G{q\ + 
rQ, q 3 + rQ) — G(qi,q 3 )) etc. entails that the r-integration in (2.ii.2) produces 
a singularity of the form (p(qi, q 3 ) 2 (log(ip(qi, q 3 ) + iO) 2 near ip — 0. Since the 
^-integration (along a suitably detoured path) is over the compact set, F itself 
behaves as (p 2 (\og((p + iO)) 2 . 
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2.iii. The contribution from a coupling of a non-meromorphic part 
with either a meromorphic part or a C-part. 



If a meromorphic part is coupled with a non-meromorphic part, the RHS 
of (2.ii.l) is replaced by an integral of the following form: 



By deforming the fi-contour, in the manner specified in ref. 2, so that ImVt 2 > 
and Impjfl > 0(j = 1, 2) [with p 1 = q 1 + p 3 ,P2 = P3 — 93], we find the singularity 
of this integral near (p(qi,q 3 ) = is <p\og(<p + iO), as there is no potentially 
divergent factor 1/r. 

If the meromorphic part is replaced by a C-term, then the dominant sin- 
gularity is given by an integral similar to (2.iii.l) but with the replacement of 
the residue factor l/(2(p 3 — q 3 )il + rf2 2 ) by l/r(p 3 — q 3 )£l. Hence a potentially 
divergent factor 1/r arises. But this problem is circumvented by combining 
the singularity originating from log((gi + p 3 + rf2) 2 — m 2 + iO) and that from 
log((gi +P3) 2 — m 2 +i0); the results in § 4 show, with a reasoning similar to (but 
simpler than) that in § 2.ii, that the resulting singularity is (f(\og((p + iO)) 2 - 




log 



(gi +P3 + rVL) 2 -m 2 + i0 
(li +P3) 2 -m 2 + i0 



1 1 



(2.m.l) 



(P3 - qs) 2 ~m 2 + iO 2(p 3 - q 3 )n + ril 2 + iO ' 
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3. A normalization of the function denning a Landau surface. 

The purpose of this section is to prove the following lemma, which is an 
adaptation of the implicit function theorem (or the Weierstrass preparation the- 
orem in the theory of holomorphic functions of several variables) to the Landau 
surface shifted by a vector A determined by photons that bridge star lines. (cf.§ 
11. of Ref. 1.). Here and in what follows, (ri,...,r n ) denotes a nested set of 
polar coordinates introduced in Ref. 1, §5. 

Lemma 3.1 Let tp(q) denote a defining function of the Landau surface for the 
triangle diagram and let q be a point on the surface. Let % be the smallest j such 
that j identifies a bridge photon line. (A bridge photon line is a photon line that 
has meromorphic couplings on both ends and that completes — via the rules 
defined below Eqn. (2)of ref. 2 — to a closed photon loop that passes along 
at least one star line.) Then on a sufficiently small neighborhood of qo and for 
sufficiently small Pi — T\ ■ ■ • there exist non- vanishing holomorphic functions 
B(q, pi, k' j and C(q, k'/pi) such that 

V (q - A) = B(q, Pi , k'/pi)( P i - <p(q)/C(q, k'/ Pi )) (3.1) 

holds, where k' denotes the collection of bridge lines. 

Proof. Since % is the first bridge photon line, any bridge photon line ki has the 
form ki = PiT i+ i • • • r^V Hence k'/pi is actually independent of pj. Further- 
more, as is shown at the beginning of section 5 ((5.1)),cfy?(? — A)/d P i\ Pi= o 7^ 
holds. Hence the Weierstrass preparation theorem guarantees the local and 
unique existence of a non-vanishing holomorphic function B(q, Pi , k' / pi), and 
a holomorphic function R(q, k' / Pi ), which vanishes for ^ = q , for which the 
following holds: 

V (q - A) = B(q, Pi , k'/pi){ P i - R(q, k' / Pi )) (3.2) 
Setting pi = in (3.2) we find 

<p(q) = B(q,0,k'/pi)(-R(q, k'/ Pi ), 

that is, 

R(q,k'/p l ) = V (q)/(-B(q,0,k'/p l )). 
Hence by choosing C(q, k'/pi) = —B(q, 0, k'/pi) we obtain (3.1). 
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4. Some auxiliary integrals. 

The purpose of this section is to find an explicit form of the singularities 
of several integrals that we encounter in dealing with infrared problems. The 
simplest example of this sort is the following integral I it): 

rS 

I(t)= / [log(r + t + iO) - log(f + iO) dr/r, (5 > 0). 
Jo 

In spite of the divergence factor 1/r, I(t) is well defined as a (hyper) function 
of t. In order to see this, it suffices to decompose I(t) as 



f t/2 f s 

/ (log(r + f) -log *)dr/r+ / (log(r + t) - log t)dr/r 

Jo Jt/2 



with Im t > 0: the well-definedness of the second integral is clear, while the 
fact that 

log(r + t) - logt = log(l + -) ~ - 

holds in the domain of integration of the first integral entails its well-definedness. 
Furthermore I(t) (thus seen to be well-defined) satisfies the following ordinary 
differential equation: 

tj t I(t) = \og(t + iO) - log(t + 5 + iO). (4.1) 

Hence (tj^) 2 is holomorphic near t — 0. Then it follows from the general theory 
of ordinary differential equations that I(t) has the form 

C 2 (log(t + *0)) 2 + Ci(log(t + iO)) + h(t), (4.2) 

where C\ and C2 are constants and hit) is holomorphic near t = 0. Furthermore, 
by substituting (4.2) into (4.1) and comparing the coefficients of singular terms 
at t = 0, we find C 2 = 1/2. 

This computation can be generalized as follows: 

Proposition 4.1. Let J(a,j;t) (a 7^ 0, 1,2, > 1) denote the following 

integral: 

r 5 =P» dp x rpi dp 2 [Pi- 2 dpi-\ fPj-i , , 

Jo Pi Jo P2 Jo Pj-i Jo 
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Then the singularity of J(a,j;t) near t = is of the following form with some 
constants Ce (£ — 0, • • • , j — 1): 

((t + iOr +1 (TiZlC e (\og(t + iO)Y), ifo^-1 

I EU^W + iO))^ 1 , ifa = -l" l ' J 



Remark 4.1. If a is a non-negative integer, the integral J(a,j; t) is not singular 
at i = 0. 

Proof of Proposition 4.1. The well-defmedness can be verified by the same 
method as was used for the above example I(t). To find its singularity structure, 
we again make use of an ordinary differential equation as follows: 

(«|-(« + iM^o-(4-(. + i))j£ , fe J £"$- 

^((t + Pj _ x + ^0) Q+1 - (t + t0) a+1 )/(a + 1) 

JO Pj-i 

= /* — /*" — •■■ f~" — «« + «- + »>° - « + «- + '°>" + '> 

JO pi J P2 JO Pj-i 

= ~ f — I" 1 — ■ ■ ■ r _a (* + + M) a dPs-i = -A<*,j - 1; t)(j > 2). 

Jo P\ Jo P2 JO 

Repeating this computation, we finally obtain 

(tj t - (a + I))'" 1 J(a, j; t) = (-l)'" 1 j\t + Pl ) a d Pl , 

and hence we find (tjj — (a + l)y J(a, is holomorphic near t — 0. Again, 
by using the general theory of ordinary differential equations, we obtain the 
required formula (4.3). 

Remark 4.2. Although we do not need the exact values of C/s, we note 
that Cj-i in (4.3) is simply given by (-l)^ 2 /(j - l)!(a + 1) if a ^ -1. In 
order to find this value it suffices to insert (4.3) into the recurrence relation 
(td/dt — (a + l))J(a,j] t) = —J(a,j — 1; t) and use the trivial relation 

= ((t + *0) Q+1 /(a + 1)) - ((t + 5 + 20) a+1 /(« + 1)) 
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as the starting point of the induction. Similarly Cj-i for a = — 1 is equal to 
(—iy/j\. The coefficient of the most singular term can be similarly computed 
explicitly for the integrals to be dealt with in subsequent propositions. 

The following modification of Proposition 4.1 is often effective in actual 
computations. 



Proposition 4.2. (i) Let K(a,j;t) (a ^ 0, 1, • • • ;j > 1) denote the following 
integral: 

JO Pi JO P2 JO Pj-l JO 

Then its singularity near t — is of the following form for some constants 

c t (e = o,---,j-i): 

j (t + i0) a+2 (££o C,(log(f + i0)) e ) if a ^ -1, -2 



t a+2 (E£d C t {\og{t + i0)) e+1 ) if a = -1 or - 2 



(4.4) 



/^••7 ft ^r i (t +ft rio g (H, + ^ 

JO pi JO P2 JO Pj_i jo 



(ii) Let n be a non-negative integer and let I(n,j;t)(j > 1) denote the 
following integral: 

rS dpi [Pi dp 2 [Pi- 2 dpj-i fPi- 1 , 

Pl JO P2 JO Pj. 

Then its singularity near t = is of the following form with some constants 
C e (£ = 0,---,j-l): 

t n+1 ^£Q(log(* + ;0))* +1 j . (4.5) 

(iii) Let I(n,j; t)(n; a non-negative integer, and j > 1) denote the following 
integral: 

i- 5 dpi [pl dp 2 [Pi- 2 dpj^i fPj-i 
Pi Jo P2 JO Pj- 

Then its singularity near t — is of the following form with some constants 
Ci(e = 0,---,j-l): 



fijirtEi... r- <a=L /"-' P]{t + p , r log(t + Pj + mdPr 

Jo pi Jo P2 JO Pj-i JO 



6-1 

t n+2 \^Ce(log(t + iO)y +1 \. (4.6) 



=o 
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Proof. Since pj(t + pj) a = (t + Pj) a+1 —t(t + pj) a , (i) and (iii) follow respectively 
from Proposition 4.1 and from (ii) above. Hence it remains to prove (ii). Since 

d n+1 n' 

^ «t + iog(t + ft + »)) = ^^^-^ + p,„ 

where P„ is a polynomial of (t + p^), Remark 4.1, entails that 

d n+1 

—I(nJ;t)+n\J(-lJ;t) + h(t) (4.7) 

holds with a holomorphic function h(t). On the other hand, near t — a 
straightforward computation shows 

i V V " n + 1 ^o (m-r)!(n + l) r V ; 

holds for non- negative integers n, and m-il. Combining (4.7) and Proposition 
4.1, we use (4.8) repeatedly to find (4.5). We also note that Remark 4.2 entails 
Cj-i = (—iy/j\(n + 1) in this case. 

The following proposition is a key result of this section. 
Proposition 4.3. Let I(t) denote the following integral (4.9), where ej (j = 
1, 2, • • • , n) is a non- negative integer: 

/ r^dn [ r e 2 2 dr 2 --- f r e n n dr n \og(t + n ■ ■ ■ r n + iO). (4.9) 
Jo Jo Jo 

Then its singularity near t = is a sum of finitely many terms of the form 

Ct N (log{t + i0)) m (4.10) 

with a constant C and positive integers N(> min ej + 1) and m{< n). 

Proof. First of all, let us re-scale the parameter r x and the variable t as 
follows: 

7*1 = 5r[, t = 5s 

Then / becomes 

r 61 - 1 /Vi) ei <M f\fdr 2 --- /' r^dr n (log(s + r[r 2 ■■■ r n ) + log 5). (4.11) 
JO jo Jo 
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The contribution from log 8 in (4.11) is a finite constant. Thus we may assume 
from the first that 5 = 1. Then the roles of r'^s in (4.9) are uniform, and hence 
we may re-number the index j so that 

ei > e 2 > • • • > e n . (4.12) 
Let us introduce new variables Oj by 

o"i=n, cr 2 = nr 2 ,---, a n = 7V--r n . (4.13) 
The integral / (with 5 = 1) can be now expressed as 
r 1 at 1 c 71 do 2 r a n-2 a dn ~^ r^-i 

/ —da x \ -2-da 2 ---\ -^-da n ^ a e n "da n \og(t+a n +tO), (4.14) 

JO 0"i JO 0"2 JO JO 

where dj = ej — e J+ i. The number ci,- is nonnegative by (4.12), and this non- 
negativity makes our reasoning much simpler: that is why we re-numbered the 
index j. 

The first integration in (4.14), i.e. Jo" -1 a^ n da n log(t + <7 n + i0), can be done 
in a straightforward manner: using the identity a e = YTj=oCjV (t + c) 6 ~' ? , where 
Cj is some constant, we find it is a sum of terms of the form 

Ct j {(t + a n ^) e ^ +1 l g(f + (7 n _! + 20) 

-t e "^' +1 log(t + i0)} (4.15) 
and polynomials of the form 

C't j {(t + a n _i) e "^' +1 - t e "^' +1 }, 

where C and C" are some constants. 

If d n ^i > 1, the same computation can be done for the second integration 
(4.14). In this case we do not need to combine the first term and the second 
term in (4.15). That is, we perform the integration of these terms separately. If 
d n _i is equal to 0, we first define an integral J by 

fl (jdl „cri (jfo r-CTn-2 An m -i 

/ —daj -2-d<7 2 .../ — =i{(t+(r n _i) a log(*+ ( T n _i+iO)-t a log(*+iO)}, 

JO (J\ JO 0"2 JO 0" n _i 
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where a = e n — j + 1 is a positive integer. Then we have 




- a)J(t) 



f 1 °1 f 71 &2 f<*n-2 

= — dai / da 2 --- da n ^i{ - a(t + (x n _i) Q log(t + cr n _i + iO) 

JO (J\ Jo cr 2 Jo 

+ ((t + <J n - i r- 1 -t a - 1 )/a n - 1 } 

Since the contribution from ((t + o"„_i) a_1 — t a ~ l )/<j n -i is finite and analytic 
in t (actually a polynomial), the main contribution to J(t) is from — a(t + 
o'n-i) 01 ^ 1 log(t + <7 n _i + iO). But this is the same integral discussed at the first 
step. Repeating this procedure we finally find that / has the form X^=o^%'> 
where Ij satisfies the following equation: 

II (t Tf - <3)W) = log(t + <0) + C' k )t k + A, (4.17) 

where A is analytic at t — 0. Here n(j) < n—1, cxe(j) is an integer > e n —j + l, k 
ranges over a finite subset of integers > e n —j + l, and Ck and C' k are constants. 
As a solution of the equation (4.17), Ij(t) [modulo a function analytic at t — 0] 
is a sum of terms of the form 

Ct"(log(t + i0)) m 

with a constant C and integers > e n — j + 1 and m < n. Thus I(t) consists of 
terms of the required form (4.10). Note that min Cj = e n by the re-numbering 
of the index j. 

Remark 4.3. (i) If log (t + ri...r n + iQ) in (4.9) is replaced by (t + ri...r n + i0) a 
(a: non-integer), the resulting integral is a finite sum of terms of the form 

Ct a+e (\og{t + i0)) m (4.10') 

with an integer e > min Cj + 1 and a non- negative integer m < n — 1. If a — — 1, 
then the condition on e is the same as above but the condition on m is replaced 
by m < n. 

(ii) Let a(r') be an analytic function of r' = (r[...,r' n ), in a closed "cube" 
C = [e, 1] x ... x [e, l](e > 0). Then the following integral F(a) has the same 

15 



singularity as I(t), or a weaker one : 

F(a)= C dr\... C dr' n ,a(r') f r\'dr x ... f r?dr n \og(t + r' x ...r' n ,...r n + iO). 

Je Je JO JO 

In fact, for r' in C we find 

/ r^dn... f r e n "dr n \og(t + r[...r' m r 1 ...r n + iO) 
Jo Jo 

= [ r^dn... f r e n n dr n {\og(- r ^ + r 1 ...r n + iO) 
Jo Jo r\...r> m 

+ log(ri...rJ}. 



Since the contribution from \og{r\...r' m ) to F(a) is an analytic function, it suffices 
to consider the contribution from log( r , - '—, +r 1 ...r n + iO). Proposition 4.3 then 
tells us that it is a sum of terms of the form 

/ dr[... dr> n ,a(r>) (log(t + iO) - \og{r>. . .r> n ,)T . 

Je Je {r 1 ...r n ,) 

Hence the singularity of F(a) near t = is a sum of terms of the form (4.10). 
Note that the effect of changing the upper end-point of the integral in (4.9) to 
e is absorbed by the harmless change of scaling in r variables and t variable (as 
was employed at the beginning of the proof of Proposition 4.3), on the condition 
that e is a fixed positive constant. 

To generalize Proposition 4.3 to the form needed in section 6 we prepare 
the following Lemma: 

Lemma 4.1. Let L m (t;a)(n = 1,2, ...;a a strictly positive constant), denote 
the following integral: 

r a (\ogw) r 



Jo 



-dw. 



t + w + iO 

Then the singularity structure of L rn near t = is as follows: 

m+l 

L m = E ^(M* + i0)) j + h(t) (4.18) 

where Cj(j = l,...,m + 1) are some a-dependent constants and h(t) is an a- 
dependent holomorphic function near t = 0. 

Proof. Since (logw) m 8(w)6(a — w)(a > 0) is well-defined as a product of locally 
summable functions, the convolution- type integral L m (t; a) is well-defined, and 
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it is a boundary value of a holomorphic function on {Imt > 0} near t — 0. To 
find out its explicit form (4.18), we first apply an integration by parts: 

L m = \iml - / v 6V ^ log (t + w + i0)dw 

kJ.o [ J K w + iO 

+ (log a) m log(a + t + i0)- (log(« + *0)) m log(f + k + iO) | 

f /" a m(log(w + i0)) m " 1 , ft + w + i0\ , 
= lim< — / — log aw 

Klo\ L w + iO \ t + iO J 

- ( r m(1 ° g(W + ' 0))m - dw] \og(t + iO) - (log(« + *0)) m log(t + k + *0)} 

yjK w + «U / 

+ (loga) m log(a + t + *0) 

, f /" a m(log(w + i0)) m - 1 , /t + w + i0\ , 

= lim< — / log aw 

Klo\ Jk w + iO \ t + iO J 

- (log(/c + t0)) m log t + ^ Q | + (log a) m log t + ^ Q (4.19) 
Let us note that, if Im t > 0, 

t + k + iO 



(log(/t + i0)) m log- 



t + iO 



= ( io g(K+! o)r^— ) + ...j_o 

as k | 0. Hence we obtain 

L m = M m - (log a) m log(t + ^0) + (log a) m log(f + a + iO), (4.20) 

where 

/ p m(log(w + i0)) m_1 n t + to + iO , \ 
M m = 1 m - / v 6V ^ log . 4.21 

Since (log (w + i0)) m_1 is locally summable, the reasoning used to verify the 

well-definedness of the integral / — log (cf. the beginning of this 

Jo r t + iO 

appendix) is applicable also to M rn . To find out the explicit form of M m , let us 
first note 

Mi = C 2 (log(t + *0)) 2 + Ci(log(t + iO)) + h(t) 
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holds near t — for some constants C±, C 2 and some holomorphic function h(t). 
(Cf. (4.2)). Thus we can verify (4.18) for n = 1. For n > 1, we use mathematical 
induction: Let us suppose (4.18) is verified for 1 < m < m . Since 

d „, r (mo + l)(log(w + i0)) m ° , , lW 

t-M mo+1 = y A \ 11 dw = (m + l)L mo , 4.22 

at jo t + w + iO 

using the induction hypothesis, we find that (t-^) m ° +1 L m() is holomorphic near 
t — 0. This means that (t^) mo+2 M mo+1 is holomorphic near £ = 0. Otherwise 
stated, 

mo+2 

M mo+1 = E C,-(log(* + i0))' + /i(t) 

holds near i = for some constants Cj(j = 1, m + 2) and some holomorphic 
function n(t). Therefore (4.20) implies that (4.18) is true for m = m + 1. Thus 
the induction proceeds. 

Proposition 4.4. (i) Let K n:fn (t)(n,m = 1,2,3,...) denote the following inte- 
gral (with 5 > 0) : 

[ 5 (\ogr ) m dr f 1 ... f 1 ft drj(t + r Q n...r n + ^O)" 1 . (4.23) 
Jo Jo Jo " 

Then the singularity structure of K n ^ m {t) near t = is as follows: 

n+m+l 

K n , m (t)= £ Cjilogit + iOtf + hit), (4.24) 
i=i 

where Cj(j = 1, n + m + 1) are some constants and /i(t) is some holomorphic 
function near t — 0. 

(ii) Let J n:Tn (t)(n : m = 1,2,3, ...) denote the following integral: 

[\\ogr ) m dr I' ... f 1 f[ dr 3 log(t + r r l ...r n + iO). (4.25) 

J0 J0 J0 " 

Then the singularity structure of J n ,m(t) near t = is as follows: 

•7n,m(*)= E C,-t(log(t + i0)) J ' + /i(t), (4.26) 
i=i 

where Cj(j = 1, n + m + 1) are some constants and h(t) is some holomorphic 
function near t — 0. 
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Proof, (i) Let pj(j = 0, 1, ...,n) denote Yll=o r i- Then K rhm assumes the follow- 
ing form: 

JO Po JO Pi Jo Pn-1 JO 

Hence we find 

( + d \nu u\ f 5 (logPoT , 
(~t Jt ) K n , m (t) = J q t + po + tQ dpo. 

Therefore Lemma 4.1 shows that (— t-^) n+m+1 K njm (t) is holomorphic near t — 0. 
This entails (4.24). 

(ii) Since ^ J nm = K Him , the result (i) entails 

j n+m+l 

j f Jn= E C 3 (\og{t + iQ)Y + h{t) (4.27) 

holds for some constants Cj and a holomorphic function h(t). Hence, by inte- 
grating both sides of (4.27), we find (4.26). Here we have used a formula 

/W)^ f (g(-l)<^(log*)«). 

The following generalization of Proposition 4.4 is used in section 6 
Proposition 4.5. Let L nrn (t)(n,m = 1,2,3,...) denote the following integral 
(with So > 0), where ej(j = 0, 1, ...,n) is a non-negative integer: 




Then the singular part of L n ^ m {t) near t = is a finite sum of terms of the 
following form: 

C N>p t N (\og(t + iO)) p , (4.28) 
where C^ p is a constant, iV is a non-negative integer (> min e 7 - + 1) and p is a 

0<j<n 

positive integer (< n + m + 1). 

Proof. Making use of the scaling transformation of tq and t as in the proof 
of Proposition 4.3, we may assume without loss of generality that 8q — 1. Fur- 
thermore, as the role of variables rj(j = 1, ...,n) is uniform, we may assume, by 
re-labelling of the variables rj(j = 1, ...,n), that ei > e2 > ... > e n . If e > t\ 
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then the method used in the proof of Proposition 4.3, supplemented by Lemma 
4.1, establishes the required result. However, this condition cannot be expected 
to hold in general, and hence we must generalize. Introducing the new variables 
Oj = r ri..rj (j = 0, 1, ...,n) we find 

L n , m (t) = AlogfTor^-Wo H (T^-Wi... at'l^dcTn-! 

JO Jo Jo 

r<r n -i 

x / a e n n \og(t + a n + i0)da n , 
Jo 

where dj = Cj — e J+ i. As noted above, the proof is finished if do > 0. Let us 
consider the case d < 0. We then use mathematical induction on m. When 
m — 1, we use the following: 

/- ((l 0g( 7o)^F( ( 7o,0) 



= rf (log ( To)4 , ' 1 F( ( 7o,t) +a d( ^ 1 F( ( 7 ,t) 
+ dog.o)^^^. 



(4.29) 



Choosing 



/ a^dat... at~i Vi C log(i + <r n + iO)^ 

JO JO JO 



as F(ao,t), we obtain 



rf L nil = (loga K FKt)U =1 - lim((loga ) C r *F(a ,t)) 

IToJ.0 

jo jo 
x/ 1 da 2 - \og(t + a n + i0)da n . 



(4.30) 



For notational convenience, let A,(j = 1, 2, 3, 4) denote the j-th term in RHS of 
(4.30). Since F(l,t) is a well-defined integral (cf. Proposition 4.3), A 1 vanishes 
because of the trivial fact log 1 = 0. To confirm that A 2 also vanishes, we note 
that 

1 



t + O n 
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holds if Imt > e > and a n is real. Then we find, for a > 0, 

\F{<Jo,t)\ < C e / af^da,... / a%da n 
Jo Jo 



C e a e 1+1 



Therefore 



e +l 

\a 2 \ <c £ iim "; o ; uy ° =0. 



(logoo)o-o 



Since e is an arbitrary positive number, this means that A 2 vanishes. 

The term A 3 has the same structure as the integral discussed in Proposition 
4.3, and hence its singular part is a sum of terms of the form (4.28). Note that 
we can re-label all variables including tq if we go back to r-variables from a- 
variables in the integral A 3 ; the factor loguo has disappeared in A 3 . 

Finally let us study A4. As it has the form L n _i i, we can apply the above 
procedure to it. Repeating this procedure , we eventually end up with one of 
the following two integrals (i) or (ii), together with terms of the form (4.28): 

(i) L n t \{n' < n) with d > 

(ii) j 1 (log<7o)<7 e ° +1 log(f + a + i0)da o . 

By using Lemma 4.1 together with the method of the proof of Proposition 4.3, 
we can verify that the singular part of either of them is a sum of terms of the 
form (4.28). 

Thus the proof is finished if m — 1. Let us consider next the case m > 2. 
We then use 

= doilogaor^F^t) +m(\og ( r ) m - 1 a d "- 1 F( ( x ,t) 

+ Qog* ro*>°*p£. (4.31) 

As before, we concentrate our attention on the case d < 0. Choosing as F(a , t) 
the same integral as was used when m — 1, we find that the same reasoning as 
before applies to the contribution from the LHS of (4.31) and the third term 
on the RHS of (4.31). When integrated over [0, 1] (with respect to a ), the 
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second term on the RHS of (4.31) turns out to be mL nj?n _ 1 . Thus the induction 
proceeds, completing the proof. 
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5. Weakness of the singularity in the general non-separable meromor- 
phic case. 

To confirm the weakness of the singularity in the non-separable meromor- 
phic case we first need to verify 

^(g-A)|^ = o^O, (5.1) 

where Pi = r\ - ■ - r^ with i being the index labelling the first bridge line; i.e., 
i is the smallest j such that the photon line j has a meromorphic coupling on 
both ends, and completes to a closed loop — constructed according to the rules 
specified below Eq.(2) in Ref. 2 — that flows along at least one *-segment. The 
/^-dependent vector A is chosen so that at (p = the pole factor associated with 
each *-segment can be evaluated at the critical point p s (q — A) (s = 1,2,3), 
defined below Fig. 1 in Ref. 2, with q = (qi, q 2 , qs) the set of external variables 
defined there. 

The vector A is constructed in the following way. Introduce for each bridge 
line i an open flow line L{ki) that passes along this photon line i, but along no 
other photon line, and along no *-segment. Instead, the flow line L{ki) enters 
the diagram at one of the three vertices V; L and leaves at another. Specifically, 
let e be an end-point of the photon line i, and let s be the side of the triangle 
on which e lies. This point e separates s into two connected components, s° 
and s*, where s* is the part of s that contains the *-segment. Run L(fcj) along 
the component s°. At the end-point of s° that coincides with a vertex Vi of the 
triangle diagram, run L(ki) out along the external line qj (j = 1,2 or 3). Do 
the same for the other end-point of the line %. Include on L{ki) also the segment 
% itself. This produces a continuous flow line. Orient it so that it agrees with 
the orientation of the line %. This oriented line is the flow line L(ki). Then for 
each external line qj along which L{kj) runs add to the vector qj either +k{ or 
—hi according to whether the orientation of L(ki) is the same as, or opposite 
to, the orientation of the external line qj along which L(ki) runs. Sum up the 
contributions from all of the bridge lines. This shift in q = (qi, q 2 , q^) is the 
vector A. 
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The function of interest has the form 



where 



HQ) = II / ~ 1 II / r e /dr 3 n / r?d rj 

x A(q : n : r)\og<p(q- A), (5.2) 

D log <p(q - A) + E = / d*p f[ -5 ^ 2 + 2Q ; (5-3) 



and A, and E are holomorphic. 
Here 

n 

Pi =p + qi+J2 e imk m 

m=i 
n 

P2 =P-q3+J2 e 2mk m , (5.4) 
m=i 

and 

n 
m=i 

with each e sm either zero or one. 

We are interested in the singularity of this function at the point q on ip(q) = 
0. This singularity comes from the p-space point p = p(q), and we can consider 
the p-space domain of integration to be some small neighborhood of p. Similarily, 
the domain in (r, Q) is confined to a region R in which the following conditions 
hold: 



m=l 

n 

m=l 

n 

p- Y e 3mk m /pi w ie 3 . (5.5) 

m=l 

That is, the real parts of the three denominators in (5.3) are close to zero, and 
the imaginary parts are positive: e s > 0(s = 1,2,3); J2 e s > 0. It was shown in 
Ref. 2 that the contours can be distorted in a way such that (5.5) holds in a 
neighborhood of the points contributing to the singularity at q. 
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Note that all of the k m that contribute to (5.5) belong to bridge lines, and 
hence have a factor pi. Thus none of the rj(j < i) enter into (5.5). Hence the 
region R is independent of the variables r-j(j < i). 

The quantity A = (Ai, A 2 , A 3 ) is added to q — (91,92,93), and it satisfies, 
in analogy to Y,Qi = 0, the condition ^Aj = 0. This trivector A is a sum of 
terms, one for each bridge line. For each bridge line j the corresponding term in 
A is proportional to kj. If line j bridges over (only) the star line on side s — 1 
then the contribution to A is (—kj,kj,0). If line j bridges over (only) the star 
line on side s = 2 then the contribution to A is (0, —kj, kj). If the line j bridge 
(only) over the star line on side s = 3 then the contribution to A is (kj, 0, —kj). 

The gradient of <p(q) is also a trivector. The condition J2li — in 9 
space means that the gradient (which is in the dual space) is defined modulo 
translations: Aj — > Aj + X, all i Thus one can take Vy? to have a null second 
component. Then at the point 9 of interest the gradient has the form 3 

Vif = («ipi, 0, -CX2P2), (5.6) 

provided the sign and normalization of ip are appropriately defined. Hence the 
quantity on the left-hand side of (5.1) is, at 9 — A = 9, 

dy(q - A) = _ V ^.5A 
dpi dpi 

3 n 

= J2J2 a s p s e sm k m /pi (5.7) 

s=l m=i 

which, according to (5.5), is nonzero, as claimed in (5.1). Use has been made 
here of the Landau equation a sPs = 0. 

Using (5.1) we now employ the result in section 3 to normalize the defining 
function ip of the Landau surface so that we may apply Proposition 4.3 of Section 
4 to the integral F in question. It follows from Lemma 3.1 in Appendix 3 that 
the following normalization holds on a neighborhood of the point in question: 

ip(q - A) = B(q, p^ k'/pi) (pi - tp(q)/C(q, k'/p t )), (5.8) 

where B and C are different from at any point in question, and k' denotes the 
totality of the bridge lines kj. Note that each bridge kj contains a factor pi and 
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that k'/pi is independent of Pi . Let us now apply Proposition 4.3 in section 4 to 
the following integral I: 

/= fr^dn f l r e 2 2 dr 2 --- F rf dr, log(p, - tp/C). (5.9) 
Jo Jo Jo 

Then we find [modulo a function analytic at ip = 0] 

/ = E(q, k'/ Pi ) (<p(q)/C(q, I' / Pi )) N ( £ a^q, k> / p t ) 

v i=o 

xQQg(<p(q)/C(q,k>/fH))Y) (5-10) 

with N > 1, and _E and Oj being holomorphic in their arguments, and, in 
particular, in the r/s (j > i). 

The function A in (5.2) is holomorphic. This factor has no important effect 
on the result: it can be incorporated by using Remark 4.3(h) of section 4. 
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6. Computation for the Nonmeromorphic Case 

The computation in the nonmeromorphic case is similar to the computation 
for the meromorphic case described in section 5 with the help of section 3. Let 
the special index % be now the smallest integer such that photon line % is either 
a bridge line or a photon line with a nonmeromorphic coupling on at least one 
end. 

If line % is a bridge line (and hence, by definition, has a meromorphic cou- 
pling on each end, and bridges across a *-segment) then the argument used for 
the meromorphic case continues to work. This is because the condition (5.1) of 
section 5 continues to hold, and each variable Xj associated with a nonmeromor- 
phic coupling acts just like a variable rj(j > i) of sections 3 and 5. 

If, on the other hand, the index % labels a line with a nonmeromorphic 
coupling on at least one end then (5.1) may fail, because in this case the variable 
ki may enter into A only in the form \ki (or X'jki). For example, if the photon 
line i runs between two different sides, s and s', and has a nonmeromorphic 
coupling on both ends then, according to (10.8b) of ref. 1, the vector ki enters 
into A only in the combinations Ajfcj or A^/cj, where Aj and A- are the variables 
associated with the two different nonmeromorphic couplings of line i. Hence 
the derivative on A occurring in (5.7) will introduce a factor Aj or A^ into each 
/cj-dependent contribution to (5.7). Since Aj and A- vanish in the domain of 
integration, and all other contributions have factors Tj(j > i), which can vanish, 
the property (5.1) can fail. 

Similarly, if only one end of line i is coupled nonmeromophically, say into 
the side s, but the closed loop i does not pass through the star line for either 
of the other two sides s' ^ s, then again (5.1) can fail, for essentially the same 
reason. 

These failures of (5.1) cannot be avoided by simply using p\ = Xipi (or X^pi) 
in place of pi, because the condition in (3.1) on k'/pi fails if p« is replaced by p[. 

In this section the "self-energy" photons that couple nonmeromorphically 
on both ends onto the same side s will be ignored: they are treated in section 7. 

To deal with the new cases we introduce the set of variables Xj(jeJ) to 
represent both the rj(j > i), and also the occurring variables Xj(j > i) and 
X'j(j > i). This set Xj(jeJ) replaces the set r\,(j > i) that occurs in the argu- 
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ments of section 3 and 5. 

Using the evaluation (5.6) for the constant gradient vector Vy? we define a 
new variable 



p = _Vy? • A 



3 n 



sm""mi 



(6.6) 



where the reasoning leading to (5.7) has been used. However, e' sm can be 0, 1, A m , 
or X' m , with the latter two possibilities coming from the possible nonmeromorphic 
couplings. 

In the case under consideration the photon line % has a nonmeromorphic 
coupling on one or both ends. If this line % has a nonmeromorphic coupling 
on only one end, and the e' si associated with the other end is 1, then (5.1) 
again holds, and the method used in the meromorphic case again works. In the 
remaining, cases (namely those for which e' si ^ 1 for all s) the function r = pj pi 
has a term \ip s fli (or A^p s f2j) and no other dependence on Aj (or A^)- Hence the 
variable r may be introduced as a new variable, replacing Aj (or A^), provided 
the associated coefficient p s ■ f2j is nonzero. 

The arguments of Ref. 2, slightly extended to include the Aj, show that 
p s ■ Qi can be taken to be nonzero near points in the integration domain that 
lead to a singularity of the integral at q. Hence the transformation to the new 
set of variables (with tq replacing Aj or A^) is a holomorphic transformation: all 
analyticity properties are maintained. 

The derivative at (q — A) = q of (p(q — A) with respect to p is 



Thus (5.1) is now satisfied (with p = rQr\...ri in place of pi = r 1 r 2 ...r i ), and we 
can use the method of sections 3 and 5. 



d V {g - A) 
dp 




d(-V<p ■ A) 
dp 




(6.7) 
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The function F(q) of (5.2) now takes the form 

F (<l) = ft / ~ _ <^ II tr^drj f dr G(q,r,r ), (6.8) 

where 

G(q, r, r ) = JJ / x e /dxj5(r + pj lj s7(p ■ A) 

x A(g, fi, r, x) logy?(g — A), (6.9) 

and log9?(g — A) is defined in (5.3) and (5.4), but with the e' sm in place of 
the e sm . Notice that the / dr can be cancelled by the 5 function to give the 
generalization of (5.2) engendered by the action of the nonmeromorphic-part 
operators of (10.8b) in Ref. I. 

The expression for G given in (6.9) is well defined only for real V (i.e., only 
for real kj(j > i)). A more general definition is this: (1), leave the / dr and 
8 function out of (6.8) and (6.9); (2), change the variable A, (or A-) to r ; (3), 
replace the / d\i (or / rfA-) by / dr ; (4), identify G as the integrand of this 
integral over dr . 

Near the point q one can write 

<p(q-A) ^ V (q)-V^-A 

= <p(q)+p. (6.10) 
Insertion of (6.10) into (6.8) and (6.9) gives 




xf(r ,r,Q,q), (6.11) 

where 

/(r , r, Q, q) = JJ /' x e /d Xj 5(r + • A)A(q, Q, r, x), (6.12) 

jeJ JO 

and A = A/pi . 

Equation (6.11) exhibits the smearing of the log (p(q) singularity. If f(r , r, Q, q) 
were to have a 5 function singularity at r = then the expression (6.12) would 
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yield a singularity of the form log (fi(q). But if / has only a milder singularity 
at r = then F(q) will have a weaker singularity at <p(q) = 0. 

Let us examine, then, the form of /(ro, r, Q, q). Let the particular Xj that is 
Aj be called simply A. Then Vy? • A will be (aX + P), where P is a sum of terms 
each of which is a coefficient of the form p s (q)Qj times a product ri + iri +2 ---fj, 
or r i+ ir i+ 2-..rjXj, or r i+ ir i+2 ...rjX'y Eventually the coefficients p s {q)Qj will be 
shifted to nonzero complex numbers. But we shall evaluate the integrals first at 
points where each p s (q)flj — 1, a — A — 1, and each ej = 0. 

Consider first, then, for < r < 1, the simple example 

f(r )= dX dxi / dx 2 5(r — X — Xix 2 ). (6.13) 
Jo Jo Jo 

Using the 5 function to eliminate the / dX we obtain (with the Heaviside 
function) 



/(r ) = f dxi [ dx 2 6(r - xix 2 ) 
Jo Jo 

f 1 rro/xi rQ 

= / dx\ I dx 2 6(1 

Jo Jo X\ 

+ f 1 d Xl C dx 2 0(— - 1) 

Jo Jo X\ 

f 1 dx 1 ro 
= / \- / dx 1 

Jr X] Jo 



ho X\ 

= r (-logr + l). (6.14) 

Thus in this case the singularity of the function f(r ) is much weaker than S(r ): 
/(ro) is bounded and tends to zero as ro tends to zero. 
The general form of /(ro) is 

f(r )=Hf 1 dx j e(ro-P), (6.15) 

jeJ J0 

where P is as defined above. One sees immediately that /(ro) is bounded, and 
tends to zero with r . 

To begin the study of the general form of /(r ) let us consider a case slightly 
more complicated than (6.14): 

/(r ) = / dx 1 f dx 2 [ dx 3 Q(r - X!X 2 x 3 ) 
Jo Jo Jo 
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= / dxi / dh O(r — x\h) 
Jo Jo 

x / dx2 / dx% S(h — x 2 x 3 ) 
Jo Jo 

= C d Xl f 1 dhQ(r - x 1 h)H(h), (6.16) 
Jo Jo 

where (for < h < 1) 

H{h) = / dx 2 / dxs S(h — X2X3) 
Jo Jo 



^6(1 -A) 

x 2 x 2 

= (-log/i). (6.17) 

ft x 2 

Notice that the last line of (6.16) has the same form as the first line of 
(6.14), but with a different function H. Substituting the function H{h) from 
(6.17) into (6.16) one obtains, for < r < 1, 

/(r ) = f 1 dx 1 I' dhe(^-h)(-\ogh) 

Jo Jo X\ 

rl rro/xi 

= / dx\ \ dh(-logh) 

Jr Jo 

+ / dxi / dh(— log/i) 

JO JO 

= E^-(^o) n (logr o r, (6.18) 

ra,rrt 

where only a finite number of the constant coefficients C nm are nonzero. 

A function of one variable x having, in < x < 1, the form J2 C nm x n (\og x) m , 
and bounded in < x < 1, with some finite number of nonzero coefficients C nm , 
will be said to have form F. Thus the functions /(r ) specified in (6.14) and 
(6.16) both have form F. 

In fact, the general function /(ro) of the form specified in (6.15) has form 
F . To see this note first that if we replace the factor H(h) = (— log/i) in (6.16) 
by any function H(h) of form F then /(ro) has form F: 

"1 rro/xi 



/(r ) = / dx 1 / d/i 

Jr JO 
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rro rl 

+ dxi dh H(h) 
Jo Jo 




+ r / dh H(h) (6.19) 
Jo 

Then (4.8) and Lemma 4.1 give the result that if H(h) has form F then /(r ) 
has form F. (Note that every term in Jq dhH(h) has a factor x', and hence the 
denominator (x 1 ) 2 is reduced to x' .) So our problem is to show that /(r ) can 
be reduced to the form (6.16) with H(h) having the form F. 

To show this let 1(g) be some function of form F and consider the integral 
operator Hh defined by 

H h [I(g)} = f 1 dx f 1 dg 5(h - xg)I(g). (6.20) 
Jo Jo 

Then, for < h< 1, 




(6.21) 



where x' = h/x. Then (4.8) and Lemma 4.1 entail that if I has form F, so does 
H h L 

Repeated application of this result shows that if P = x\X2---x v then /(ro) 
has form F. One first combines x p _\X v into h p , then combines x p ^ 2 h p into h p _i, 
etc.. At each stage the functions / and H have form F, and hence one finally 
gets (6.16) with H(h) having form F, as required. 

The general form of P is not just a single product Ti+\...rf it is a sum of 
such terms with different values of j, some of which can be multiplied by Xj 
or X'j. However, these other terms can be brought into the required form by a 
generalization of the operator technique used above. 

Let us again consider first a simple case: 

/(r ) = r dx f 1 dg f 1 dt 0(r o - xt - xg)I(g), (6.22) 
jo Jo Jo 
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where 1(g) has form F, and t could be a \j. Then 



where 



Thus 



f(ro) 


= / dx 
Jo Jo 


dh 0(r o - 


xh)H(h), 


H(h) 


= C dg f 
Jo Jo 


dt S(h - 1 


-9)1(9)- 


f(ro) 


= f 1 dx f 
Jo Jo 


dh 0(r o - 


xh)H(h) 






dh 0(r o - 


xh)H(h). 



(6.23) 
(6.24) 



(6.25) 



For < h < 1 the function H(h) is 



H{h) = f dg f dt5(h-t- g)I(g) 
Jo Jo 

= ['dg I(g)e(h-g)e(l-(h-g)) 
Jo 

= [ h dgl(g), (6.26) 
Jo 

which has form F. Thus the first term in (6.25) gives a contribution /i(ro) to 
f(r ) that has form F. The second term is, for < r < 1, 

/ 2 (r ) = £ dx £ dh e(r - xh)H(h) 

= £ dx J* dh 0(^ ~h) £ i dg 1(g) 

= f 1 dx dh 0(- - 1) 0(2 - ^) f 1 dg 1(g) 

Jo Jl X X Jh-1 

+ f 1 dx [ 2 dh 0(- - 2) f 1 dg 1(g) 

Jo Jl X Jh-1 

rro rro/x rl 

= dx dh dg 1(g) 

Jrn/2 Jl Jh-1 



fro/2 j-2 rl 

/ dx dh dg 1(g) 

Jo Jl Jh-1 

[•2 d x ' rx' rl 

r ° / Tl^ dh dg 1(g) + (r /2) x const. 

J 1 ( X ) Jl J h—1 



= r x const., (6.27) 
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which is also of form F. 

The two important points are: (1), that the integral operator that reduces 
a sum t + g to a single h, just like the operator that reduces a product tg to h, 
preserves form F; and (2), the extra part h > 1 does not disrupt the argument: 
it adds only a term r x const. 

By taking combinations of these two kinds of operators, and a third kind 
with t fixed at unity, rather than being integrated over, one can reduce any one 
of the possible functions (r — P) to (r — x-Ji) combined with an H(h) of form 
F. Thus all functions /(r ) of the kind (6.15) will be of the form F , provided 
we make the simple assignments 1 = a = A = p s flj = e 3 ■, + 1. The remaining 
task is to show that essentially the same result follows even when we do not 
make these simple assignments. One other problem also needs to be addressed: 
we have computed the integrals on the variables rj under the assumption that 
the variables flj are held fixed, whereas the distortions in the variables Qj can 
depend on the Tj. 

By following through the arguments just given, but with the Cj now allowed 
to be nonnegative integers, one finds that the conclusions are not disrupted: the 
positive power n of r in f(r ) can be increased, and the positive power m of 
logr can be decreased, but changes in the opposite direction do not occur. 
Hence the singularities are at most weakened. 

To deal simultaneously with the problems of the dependence of A(q, f2, r, x) 
upon (r, x), and the dependence of the distortion in fl upon (r, x), we introduce 
a sufficiently small number e = 1/N > 0, and divide the domain of integration 
< x < 1 in each of the variables Xj and Tj into a sum of N intervals of length 
e, such that (1), the distortion of the set of f2 variables can be held fixed over 
each separate product interval, and (2), for any subset a of the set of variables 
Tj and Xj, and for the corresponding space S formed by the product over a of 
the corresponding set of leading intervals < (rj,Xj) < e, the dependence of A 
on these variables can be represented by a power series that converges within S 
for each point in the space formed by the product over the complementary set 
of variables of the nonleading intervals e < x < 1. (See Remark 4.3(h).) The 
variables can then be re-scaled so that the original integration domains run from 
to N, and the leading intervals (formerly from to e) now run from from 
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to 1. The earlier arguments can then be applied to the re-scaled problem, with 
the concept 'form F' replaced by 'form F': a function of one variable x is said 
to have form F' if and only if it is bounded in the interval < x < 1, and in 
< x < 1 can be written in the form 

^A m (x)(\ogxr, 

m 

where the sum is over a finite set of integers m, and each A m (x) is analytic on 

< x < 1. The contributions from the integrations over the nonleading domains 

1 < x < N do not disrupt the arguments, and formula (4.8) shows that extra 
factors n + 1 are introduced into the denominators at each integration, so that 
convergence at the level of the integral is, if anything, improved over the original 
convergence at the level of the integrand. This takes care of these two problems. 

The final step is to remove the assumption that the coefficients of the various 
terms of P are unity: these coefficients are actually the quantities p s Qj. 

There is no problem in allowing these coefficients to be strictly-positive 
^-dependent functions: the constants C nm , or the functions A m , then simply 
become analytic functions of the variables p s Vlj over these strictly-positive do- 
mains. In fact, these coefficients can be continued into the complex domain 
without affecting the character of the singularity at r = provided we keep 
each coefficient away from the cut along the negative real axis in that variable, 
and keep the point C in the space of the collection of these coefficients away 
from all points where a\ + P(C,Xj,rj) = for some point in the product of 
the open domains of integration < A < 1, and (for all j) < Xj < 1 and 
< r j < 1. Here a = p s f2j. 

The points in the domain of integration over the variables rj,Xj,Qj that 
contribute to the singularity at ip = are points where each of the three star- 
line factors is evaluated at, or very close to, the associated pole. The arguments 
in ref. 2 show that in this region the first of the variables p s Qj, namely p s fli = a 
can be shifted into upper-half plane Ima > 0, and the collection of contours C 
can be distorted so that a\ + P is shifted into the upper-half-plane provided 
< A < 1 and, for all j, < r,- < 1 and < x 3 < 1. This is exactly the 
condition that is needed to justify the extension of the results obtained above 
for positive real coefficients to the complex points of interest. 
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The dependence of the distortion of the contour on A needs to be described. 
When one introduces the nonmeromorphic couplings, and hence the / dX, into 
the formula, the Landau matrix acquires a new column, the dX column. How- 
ever, the parameter A enters in an almost trivial way: the pole residues asso- 
ciated with the side s of the triangle into which the vertex associated with A 
is coupled are changed from p s (flj + ...) into (p s + Aj&j)(fij + ...), and the pole 
denominator (p s ) 2 — m 2 is changed to (p s + Aj/cj) 2 — m 2 . The new set of Landau 
equations can be satisfied at each of the two end points Aj = 1 and Aj = 0. 
These two solutions correspond to diagrams in which the vertex associated with 
Aj is placed at one end or the other of the side s of the triangle. Both solutions 
to the triangle-diagram equations exist, and, because of the null contributions in 
all dflj columns, the two solutions yield two different ways of distorting the fl,- 
contours, Ai and A , the first corresponding to Aj = 1, the second correspond- 
ing to Aj = 0. An allowed distortion that gives these two cases and smoothly 
interpolates to the intermediate values of Aj is AjAi + (1 — Aj)A . It keeps the 
imaginary part of the pole denominator strictly positive (near the zero of the 
real part) for all values of Aj in the domain < Aj < 1. This distortion, or some 
approximation to it, can be used in the argument given above. 

For the remaining integrations on the drj (j < i) one uses Propositions 
4.4(h) and 4.5, and Remark 4.3(h). This gives for the singular part of F(q) at q 
a function of form F', in some appropriately scaled variable <p(q), multiplied by 
an analytic function of q. 
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7. Computation for Self-Energy Case. 



Contributions from photon lines j coupled nonmeromorphically on both 
ends into the same side s of the triangle were excluded from the discussion in 
section 6. For these values of j one can, in order to exclude double counting, 
impose the condition Aj > Aj, where Aj is the A-parameter associated with the 
nonmeromorphic coupling on the tail of photon line j, and A^ is the A-parameter 
associated with the nonmeromorphic coupling on the head of line j. Momentum 
kj flows along line j from its tail to its head, according to our conventions. 

The formulas of section 2 of Ref. 1 refer to momentum kj flowing out of 
the charged-particle line at the tail of the photon line j. The coupling at the 
head can be treated like the coupling at the tail, but with a reversal of the sign 
of kj. Then the effect of the two couplings into the same side s is to replace p s 
by p s + (Aj — Xj)kj, and to integrate on Xj from zero to one and on Aj from zero 
to Aj. The condition Im p s Qj > then retains its usual from. The reduction of 
the domain of integration does not upset the arguments of section 6. 

To bring this case into accord with section 6 we use the following transfor- 
mations: 







i 




h 
A 






i 



The variable h plays the role played by A in section 6. 
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